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Abstract
We describe methods for building “semi-realistic” models of F -term inflation. By semi-realistic we mean
that they are built in, and obey the requirements of, “semi-realistic” particle physics models. The particle
physics models are taken to be effective supergravity theories derived from orbifold compactifications of
string theory, and their requirements are taken to be modular invariance, absence of mass terms and sta-
bilization of moduli. We review the particle physics models, their requirements and tools and methods for
building inflation models.
Published by Elsevier B.V.
1. Introduction
Inflation provides answers for many questions concerning the early universe. This is remark-
able given that we do not have a definite model of inflation. In fact, we do not even know what
particle physics model one should attempt inflation model building in. In some cases this has
led to ad hoc proposals for inflaton potentials or inflation model building only loosely based
on an underlying particle physics model. Realistic models of inflation must certainly agree with
observation, but they should also emerge from a realistic particle physics model.
As an attempt in this direction we describe methods for building “semi-realistic” models of
F -term inflation. By semi-realistic we mean that they are built in, and obey the requirements of,
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from orbifold compactifications of string theory. We consider such effective supergravity theories
to be semi-realistic because they have the potential to explain much of our universe in a self
consistent way.
This paper is in large part a review of those ideas relevant for inflation model building in
the class of supergravity theories we are considering. In the first part of this paper, making up
Sections 2–5, we review the effective supergravity theories. This includes the construction of
scalar potentials—with a comprehensive matter content—in two different formalisms, canonical
normalization of possible inflatons, string theory requirements the effective supergravity theories
should obey and methods for generating VEVs. This review is intended for the nonspecialist.
In Section 6 we consider inflation model building. This includes a method for building inflation
models, a review of previous attempts and, by combining the work of these previous attempts,
the construction of a small field inflaton potential. We conclude in Section 7.
In the remainder of this introduction we briefly review the standard methods for analyzing
inflation models [1,2]. In this paper we set the reduced Planck mass, mP = 1/
√
8πG = 2.4 ×
1018 GeV, equal to one: mP = 1. Then, given a scalar potential, V , the slow roll parameters are
(1.1) = 1
2
(
V ′
V
)2
, η = V
′′
V
, ξ2 = V
′V ′′′
V 2
,
where a prime denotes differentiation with respect to the inflaton. Inflation occurs while ,
|η|  1 and is taken to end when one of , |η| is no longer less than one. The spectral index, n,
its running, α = dn/d ln k, and the tensor fraction, r , are given by
(1.2)n = 1 − 6 + 2η, α = 16η − 242 − 2ξ2, r = 16.
Assuming negligible running and tensor fraction, the spectral index has been measured to be [3]
(1.3)n(φ∗) = 0.95 ± 0.02,
where φ∗ is defined to be the value of the inflaton corresponding to this measurement. The num-
ber of efolds from φ = φ∗ to the end of inflation at φ = φe is given by
(1.4)N(φ∗) = −
φe∫
φ∗
V
V ′
dφ,
with reasonable values being N(φ) ≈ 50–60 [4]. Finally, the COBE normalization requires
(1.5)V 1/4 = 1/4 · 6.6 × 1016 GeV,
which is to be evaluated at a very precise scale. We may take this scale to approximately corre-
spond to φ∗.
2. Scalar potentials
The “semi-realistic” particle physics models, within which we will consider inflation model
building, are effective supergravity theories derived from orbifold compactifications of the
weakly coupled heterotic string [5,6]. For field content they contain the dilaton, three (diagonal)
Kähler moduli, untwisted matter fields, twisted matter fields and gaugino condensates (allow-
ing for the possibility of spontaneously breaking supersymmetry) which have been integrated
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construction of the scalar potentials in two different formalisms and discuss some of their differ-
ences.
A brief remark on notation: We will often use the word “superfield”, but in an abuse of notation
we will always write the lowest (scalar) component. For example, though we will mention the
(anti)chiral superfields S, S¯, we will always write the scalar fields s, s¯.
Supergravity theories derived from string theory can be constructed in two dual formalisms:
the more common, chiral superfield formalism [6], wherein a chiral superfield contains the dila-
ton, s + s¯, as the real part of its lowest component, or the linear superfield formalism [7,8],
wherein a linear superfield contains the dilaton, 	, as its lowest component. We will present the
scalar potential in each formalism, but before doing so we consider aspects common to both.
The complete Kähler potential is unknown. We assume, for both the chiral and linear super-
field formalisms, that it includes the terms
(2.1)K ⊃ −
∑
I
lnxI +
∑
A
XA,
with
(2.2)xI = tI + t¯I −
∑
A
|φAI |2, XA =
(∏
I
x
−qAI
I
)
|φA|2,
where tI , I = 1,2,3, are the three (diagonal) Kähler moduli fields, φAI are the untwisted matter
fields with modular weights qAIJ = δIJ and φA are the twisted matter fields with modular weights
qAI  0.1 The Kähler potential for twisted matter is known only to leading (quadratic) order. Con-
sequently, twisted matter fields must be assumed small, so that higher order terms are negligible.
No such assumption is required for untwisted matter fields since its Kähler potential is known to
all orders. In Section 4.1 we will explain the role of the modular weights and why the requirement
of modular invariance leads to the introduction of a Green–Schwarz counterterm [9],
(2.3)V GS = −
∑
I
bI lnxI +
∑
A
pAXA,
where the values of pA are unknown (the values of bI are given below). For concreteness we
make the plausible assumption pA ≈ bI [10]. How the Green–Schwarz counterterm is imple-
mented is specific to the formalism, as will be shown below.
2.1. The chiral superfield formalism
In the chiral superfield formalism, the Kähler potential, for our matter content, is commonly
taken to be
(2.4)K = − lnY −
∑
I
lnxI +
∑
A
XA,
where
(2.5)Y = s + s¯ − V GS,
1 In the literature one also finds modular weights denoted by nIα , where nIα = −qα for α = AJ , A.I
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ficient, bI , as2
(2.6)bI = δ
GS
I
8π2
.
Standard compactifications lead to δGSI  30 [9]. We will refrain from using δI to keep the clutter
down in equations. The field dependence of the superpotential is
(2.7)W = W(s, tI , φAI ,φA).
Its form will be given in Section 2.3.
The scalar potential is made up of the F -term and the D-term: V = VF + VD . VF is given by
(2.8)VF = eK
[
Kmn¯(Wm +KmW)(W¯n¯ +Kn¯W¯ )− 3|W |2
]
,
where a subscript m refers to a derivative with respect to a chiral superfield, such as tI , and
a subscript n¯ refers to a derivative with respect to an antichiral superfield, such as t¯I . Kmn¯ is
the inverse of the Kähler metric, Kmn¯. Both the Kähler metric and its inverse are given in Ap-
pendix A.1. We will consider VD in Section 5.1. In the absence of twisted matter, φA, the scalar
potential was given in [11] (see also [12]). Here, we give the scalar potential when twisted matter
is included, which is
VF = eK
{
−3|W |2 + |W − YWs |2
+
∑
A
Π˜−1A
Y
Y + pA |WA + Π˜Aφ¯AW + pAΠ˜Aφ¯AWs |
2
+
∑
I
Y
Y + bI +∑A qAI XA(Y + pA)
(2.9)×
[∣∣∣∣xIWI +
∑
A
qAI φAWA −W − bIWs
∣∣∣∣
2
+ xI
∑
A
|φ¯AIWI +WAI |2
]}
,
where we have defined
(2.10)Π˜A ≡
∏
I
x
−qAI
I .
2.2. The linear superfield formalism
In the linear superfield formalism, in the form of the Binétruy–Gaillard–Wu (BGW)
model [13], the Kähler potential is [10]
(2.11)K = ln(	)+ g(	)−
∑
I
lnxI +
∑
A
XA,
where 	 is the dilaton in the linear superfield formalism (its relation to the dilaton in the chiral
superfield formalism is given in Section 2.4) and g(	) is a nonperturbative correction that can
2 Though it is conventional in the chiral superfield formalism for the Green–Schwarz coefficient δI (or bI ) to be written
with the subscript I , most compactifications lead to I independent δI .
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computing the scalar potential in this formalism requires temporarily replacing the dilaton with
the (anti)chiral superfields s, s¯. Hence, the field dependence of the superpotential is
(2.12)W = W(s, tI , φAI ,φA).
Its general form will be given in Section 2.3.
The scalar potential may be derived through the following prescription.3 First form
(2.13)K(s) ≡ k(s, s¯)−
∑
I
lnxI +
∑
A
XA,
which is identical to (2.11) except that the 	 dependence has been replaced with a dependence
on the (anti)chiral superfields s, s¯. Then define the effective Kähler metric,
(2.14)Kˆmn¯ ≡ K(s)mn¯ + 	V GSmn¯ ,
whose inverse is Kˆmn¯ and where V GS was defined in (2.3). Both the effective Kähler metric and
its inverse are given in Appendix A.2. It is conventional in this formalism to write the Green–
Schwarz coefficient, bI , as independent of I ,4
(2.15)bI = b.
Standard compactifications lead to b 30/8π2 [9]. Again, the scalar potential is made up of the
F -term and the D-term, but now the F -term is given by
(2.16)VF = eK
[
Kˆmn¯
(
Wm +K(s)m W
)(
W¯n¯ +K(s)n¯ W¯
)− 3|W |2],
along with the replacements
(2.17)K(s)s → −	, Kˆss¯ →
	
∂K/∂	
= 	
2
1 + 	g′(	) ,
where the prime denotes differentiation with respect to 	. One finds
V = eK
{
−3|W |2 + (	g′ + 1)∣∣W − 	−1Ws∣∣2
+
∑
A
Π˜−1A
1
1 + pA	 |WA + Π˜Aφ¯AW + pAΠ˜Aφ¯AWs |
2
+
∑
I
1
1 + b	+∑B(1 + pB	)qBI XB
(2.18)×
[∣∣∣∣xIWI +
∑
A
qAI φAWA −W − bWs
∣∣∣∣
2
+ xI
∑
A
|φ¯AIWI +WAI |2
]}
,
where, as before, Π˜A ≡∏I x−qAII .
3 Additional details may be found in Appendix A of [14].
4 See footnote 2.
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The superpotential is made up of both a perturbative term and a nonperturbative term,
(2.19)W = wp +wnp.
This terminology is meant to indicate that the perturbative term leads to (perturbative) loop cor-
rections while the nonperturbative term is induced nonperturbatively.
The perturbative term is essentially an arbitrary polynomial in the matter fields. Its precise
form is dictated by the requirement of (spacetime) modular invariance, to be discussed in Sec-
tion 4.1. If we denote both untwisted and twisted matter by φα , so that α = AI , A, then, for either
formalism, it is given by
(2.20)wp =
∑
m
λm
[∏
I
η(tI )
−2
]∏
α
φ
nαm
α
∏
J
η(tJ )
2nαmqαJ ,
where the λm are constants, the nαm are nonnegative integers and η(tI ) is the Dedekind eta func-
tion,
(2.21)η(tI ) = e−πtI /12
∞∏
n=1
(
1 − e−2πntI ).
The nonperturbative term follows from gaugino condensation [15]. A strongly coupled hid-
den sector gauge group, Ga , is expected to condense, analogously to QCD. The corresponding
gaugino condensates, ua = 〈λαaλaα〉, pick up nonzero VEVs, spontaneously breaking supersym-
metry. If heavy enough they may be integrated out, inducing a nonperturbative contribution to
the superpotential. In the chiral superfield formalism this term takes the form [13,14]
(2.22)wnp = −14e
−K/2∑
a
baua, ua = ceK/2e−s/ba
∏
I
[
η(tI )
]2(bI−ba)/ba ,
where ba is the β-function coefficient of the condensing gauge group and c is a constant. By
squaring ua we may write it in terms of Y instead of s,
(2.23)|ua |2 = |c|2eKe−Y/ba e−V GS/ba
∏
I
∣∣η(tI )∣∣4(bI−ba)/ba .
In the linear superfield formalism we have instead [13,14]
wnp = −14e
−K/2∑
a
baua,
(2.24)|ua |2 = |c|2eKe−(1+f )/ba	e−V GS/ba
∏
I
∣∣η(tI )∣∣4(b−ba)/ba ,
along with the replacement
(2.25)Ws → 14e
−K/2∑
a
ua.
In (2.24) f = f (	) is uniquely determined from the nonperturbative correction g(	) though the
differential equation and boundary conditions [13]
(2.26)	g′ = f − 	f ′, g(	 = 0) = f (	 = 0) = 0,
where a prime denotes differentiation with respect to 	.
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The dilaton in the two formalisms are related by [13]
(2.27)	
1 + f =
1
s + s¯ − V GS =
1
Y
,
with f defined in (2.26). If we ignore the nonperturbative term in the superpotential, then for
identical perturbative terms the two formalisms are equivalent. There exists a duality transfor-
mation, made up of (2.17) and (2.27), linking them, known as chiral linear duality [7,8]. This is
manifest in the classical limit, i.e. for f = g = 0, but also holds true in the general case. When
the nonperturbative terms in the superpotential are included, it is unknown whether the two for-
malisms are equivalent [16]. Even with such an equivalence, it may be simpler to build models
in one formalism than in the other. In the following subsections many of the results will be pre-
sented in both formalisms.5 However, we will find, in many different cases, that inflation model
building is simpler in the linear superfield formalism.
3. Canonical normalization of the inflaton
Supergravity theories derived from string theory lead to noncanonically normalized kinetic
terms. To properly analyze inflation the canonical normalization of the inflaton must be deter-
mined. Since the method we will use to build inflation models, to be described in Section 6.1,
allows only Kähler moduli and untwisted matter (or some mixture thereof) to be the inflaton, we
only consider the canonical normalization of these two types of fields.6
The kinetic terms will be given to lowest order in the Green–Schwarz coefficients. This is
largely unnecessary in the linear superfield formalism since it only requires dropping factors
of 1 + b	, factors which have little effect on determining the canonically normalized field. In
the chiral superfield formalism, however, we must drop factors of (Y + bI )/Y . Dropping such
factors make determining the canonically normalized field much easier, but make determining
flat directions, as we will see in Section 6.1, difficult.
It is usually assumed that matter fields, both untwisted and twisted, have negligibly small
values. We cannot necessarily make this assumption for an untwisted matter field when it is
the inflaton. We will, however, always make this assumption for twisted matter. Then, with the
Kähler potential (2.4) or (2.11), to lowest order in the Green–Schwarz coefficients, the kinetic
terms for the untwisted matter fields, φAI , are
(3.1)Lkin ⊃
∑
A,I
(
tI + t¯I
x2I
∂μφAI ∂
μφ¯AI + φAI
x2I
∂μtI ∂
μφ¯AI + φ¯AI
x2I
∂μφAI ∂
μt¯I
)
.
We assume the moduli fields, tI , are stabilized during inflation (in Section 4.1 we will see that
they are usually stabilized at O(1) values). This means that they are effectively constant, their
derivatives vanishing, allowing us to ignore the final two terms in (3.1). We also assume that
only the inflaton is comparable in size to the moduli fields, the rest of the untwisted matter fields
being much smaller and negligible. Without loss of generality, take the inflaton to be the φ11
5 A major exception is Section 4.3 where we consider only the linear superfield formalism.
6 In particular, we consider one of these fields (and not a linear combination of them) to be the inflaton, and the other
to be stabilized. Interesting alternatives can be found in, for example, [11,17].
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(3.2)t1 + t¯1
(t1 + t¯1 − |φ11|2)2 ∂μφ11∂
μφ¯11.
If we ignore the phase, then the canonically normalized inflaton, φ, is given by
(3.3)|φ11| =
√
t1 + t¯1 tanh(φ/
√
2),
where we have used the assumption that the moduli fields are constant.
In the case where instead a Kähler moduli field is the inflaton we ignore both twisted and
untwisted matter by assuming that they are small, and find, to lowest order in the Green–Schwarz
coefficients, for the kinetic term
(3.4)Lkin ⊃
∑
I
1
(tI + t¯I )2 ∂μtI ∂
μt¯I .
If we take the real part of t1 to be the inflaton then the canonically normalized inflaton, φ, is
given by
(3.5)Re(t1) = e
√
2φ.
4. String theory requirements
String theory places a number of requirements on its effective theory. We list four that we will
require inflation models to abide by.
4.1. Modular invariance
If we denote both untwisted and twisted matter by φα , so that α = AI , A, then modular
transformations7 of the Kähler moduli and matter fields are defined by [6]
(4.1)tI → aI tI − ibI
icI tI + dI , φα → φα
∏
I
(icI tI + dI )−qαI ,
where
(4.2)aI dI − bI cI = 1, aI , bI , cI , dI ∈ Z.
Recall that the qαI are the modular weights and that for untwisted matter fields, q
α
J = qAIJ =
δIJ , while for twisted matter fields, q
α
I = qAI  0.8 The Kähler potential and superpotential also
undergo modular transformations, which are a special case of a Kähler–Weyl transformation
[23,25],
(4.3)K → K +
∑
I
ln |icI tI + dI |2, W → W
∏
I
(icI tI + dI )−1.
7 By modular transformations we mean specifically spacetime T-duality transformations.
8 See footnote 1.
278 B. Kain / Nuclear Physics B 800 (2008) 270–297Thus, the superpotential transforms with modular weight equal to 1. An important function with
modular weight equal to −1/2 is the Dedekind eta function,
(4.4)η(tI ) = e−πtI /12
∞∏
n=1
(
1 − e−2πntI ), η(tI ) → η(tI )(icI tI + dI )1/2,
which tells us that the superpotential transforms as η(tI )−2 and matter fields transform as
η(tI )
−2qαI
.
Heterotic string theory is known to be modular invariant to all orders in perturbation the-
ory [26]. This means that the effective theory must be as well. This is assured at tree level since
modular transformations are just special cases of Kähler–Weyl transformations and Kähler–Weyl
transformations are always symmetries of a tree level supergravity Lagrangian [23,25]. Field the-
ory loop corrections in general break the modular symmetry, leading to a modular anomaly. This
anomaly is partially9 canceled by introducing the Green–Schwarz counterterm (2.3) [9].
We saw in Section 2 that the Green–Schwarz counterterm is introduced differently in the chiral
and linear superfield formalisms. In the chiral superfield formalism, the dilaton, s + s¯, is modular
invariant at tree level, but not so at loop level. For this reason, the Green–Schwarz counterterm
was introduced so that the combination in (2.5) is modular invariant and the Kähler potential (2.4)
transforms correctly. An important advantage of the linear superfield formalism is that the dila-
ton, 	, is modular invariant to all orders in perturbation theory. This allows the Green–Schwarz
counterterm to be introduced as in (2.14). As we will see, this will lead to simplifications.
Modular invariance also dictates the form of the perturbative term in the superpotential
[10,13]. We wrote down its form in (2.20). The eta functions in front make sure the superpo-
tential transforms with modular weight 1, while the eta functions on the end cancel the modular
transformations of the φα’s.
4.2. Absence of mass terms
Massive states in string theory have masses on the order of the string scale (∼1017 GeV).
Since an effective theory is only relevant far below this scale, all massive fields must be integrated
out (leading to threshold corrections). Hence, the effective theory contains only massless fields
(at least, before any fields pick up nonzero VEVs) and cannot contain mass terms. From (2.9)
or (2.18) we see that the superpotential and its derivatives enter the scalar potential squared. For
there to be no dimension two terms in the scalar potential, i.e. no mass terms, each term in the
superpotential must be dimension three or greater. Note that this applies only to matter fields,
φα , with moduli not included in the counting.
4.3. Dilaton stabilization
The method we will use for building inflation models, to be described in Section 6.1, does not
allow the dilaton to be the inflaton.10 This means that the dilaton must be stabilized, otherwise it
can destroy inflation [27]. By stabilized we mean that during inflation the dilaton potential must
contain a stable minimum. The method we use to achieve this, known as Kähler stabilization
[13,28,29,31], has been worked out in the linear superfield formalism in some detail [13,30],
9 Threshold corrections from integrating out heavy fields cancel the remainder of the anomaly [6,24].
10 In general, the dilaton as the inflaton is problematic [27].
B. Kain / Nuclear Physics B 800 (2008) 270–297 279Fig. 1. (a) The dilaton potential during inflation (4.5) with a stable minimum at 〈	〉inf = 0.87. (b) The dilaton potential in
the true vacuum (4.6) with a stable minimum and vanishing vacuum energy at 〈	〉0 = 0.56. (c) Evaluated at 〈	〉0 = 0.56,
the coupling constant at the string scale (4.7) is gs = 0.7.
where it is simpler. It has also been considered in a chiral superfield formalism without modular
invariance [31]. We consider only the linear superfield formalism.
We make two further requirements. First, in the true vacuum the dilaton potential must have
a stable minimum with vanishing vacuum energy,11 and second, the coupling constant for the
gauge fields at the string scale, gs , must take the supersymmetric GUT value, ≈ 0.7.
In the models we will consider the dilaton dependence during inflation is contained in the
overall factor
(4.5)V (	)inf =
eg	
1 + b	,
where g = g(	) is the nonperturbative correction in (2.11). In the true vacuum, using gaug-
ino condensates to break supersymmetry and making the usual assumption that all matter fields
vanish, we find that the Kähler moduli are stabilized at the fixed point tI = 1 [13]. The scalar
potential in the true vacuum is then (see, for example, [30])
(4.6)V0 ∝ 1
b2a	
2 (f − f ′	+ 1)(1 + ba	)2 − 3,
where ba is the β-function coefficient for the hidden sector condensing gauge group which pro-
duces the gaugino condensates, with phenomenologically preferred values 0.03  ba  0.04
[33], and f = f (	) was defined in (2.26). Finally, the coupling constant for the gauge fields
at the string scale, gs , is given by [13]
(4.7)g2s =
2	
1 + f ,
where the right-hand side is to be evaluated at the true vacuum.
A similar (and more comprehensive) analysis of these requirements for the dilaton was made
in [30], where additional phenomenological constraints were mentioned. Following [10,30] we
use only the two leading terms for the nonperturbative parameters [28],
(4.8)f (	) = B
(
1 +A 1√
b	
)
e−1/
√
b	.
In Fig. 1 we have plotted (4.5), (4.6) and (4.7) for the values
(4.9)A = −0.27, B = 26.8.
11 A related issue concerning dilaton stabilization in the BGW model was considered in [32].
280 B. Kain / Nuclear Physics B 800 (2008) 270–297Fig. 2. (a) A plot of (4.10) with arg(tI ) = π/6. (b) A plot of (4.10) with |tI |=1. A stable minimum is clearly seen at
tI = exp(iπ/6).
Fig. 1(a) shows a stable minimum during inflation at 〈	〉inf = 0.87, Fig. 1(b) shows a stable
minimum with vanishing vacuum energy in the true vacuum at 〈	〉0 = 0.56, and Fig. 1(c) shows,
when evaluated at 〈	〉0 = 0.56, that the coupling constant at the string scale is 0.7.
4.4. Kähler moduli stabilization
In addition to the dilaton, the three Kähler moduli, tI , as long as they are not the inflaton,
must be stabilized. In modular invariant theories we are assured that the scalar potential will
have stationary points at tI = 1, exp(iπ/6). These two points correspond to fixed points of the
modular transformation (4.1). The important question is whether the stationary points are (stable)
minima.
In the models we will consider the Kähler moduli dependence is often of the form
(4.10)[xI ∣∣η(tI )∣∣4]−1 = [(tI + t¯I )∣∣η(tI )∣∣4]−1,
where we have made the usual assumption that the untwisted matter fields, φAI , are negligible
compared to the moduli. Setting tI = exp(iπ/6)+
√
3δ one finds [11]
(4.11)[(tI + t¯I )∣∣η(tI )∣∣4]−1 = 1√
3
∣∣η(eiπ/6)∣∣−4[1 + |δ|2 +O(δ3)],
showing that tI = exp(iπ/6) corresponds to a stable minimum (tI = 1 corresponds to a sad-
dle point). Alternatively this can be shown by plotting (4.10). Fig. 2(a) is a plot of (4.10) with
arg(tI ) = π/6 and Fig. 2(b) is a plot of (4.10) with |tI | = 1. It is clear that tI = exp(iπ/6) corre-
sponds to a stable minimum.
5. Generating VEVs
In Section 4.2 we required each term of the superpotential to have three or more matter
fields. Only one of these fields will be the inflaton. The remainder will be given VEVs. We
consider two methods for generating VEVs which we present in the linear superfield formalism.
In Appendix B we reproduce them in the chiral superfield formalism.
5.1. D-term VEVs
In many orbifold compactifications there is an anomalous U(1) gauge group [34]. Canceling
the anomaly requires a Green–Schwarz counterterm which leads to a Fayet–Iliopoulos contribu-
B. Kain / Nuclear Physics B 800 (2008) 270–297 281tion to the D-term [35]. A natural way for fields to obtain VEVs is by having them cancel such
a D-term. The D-term contribution to the scalar potential is
(5.1)VD = 12g
2
(∑
α
qαKαφα + ξD
)2
,
where qα is the U(1) charge (and should not be confused with the modular weight) and, in the
linear superfield formalism, the Fayet–Iliopoulos term is
(5.2)ξD = 2	Tr(Q)192π2 ,
where Tr(Q) =∑α qα ∼ 100 [34]. With the Kähler potential (2.11), the D-term (5.1) becomes
(5.3)VD = 12g
2
[∑
α
(∏
I
x
−qαI
I
)
qα|φα|2 + ξD
]2
.
To avoid D-term supersymmetry breaking during inflation the matter fields must pick up the
modular invariant VEVs,
(5.4)∣∣〈φα〉∣∣2 = fα	∏
I
x
qαI
I ,
where fα is a constant, to cancel (5.3).
5.2. F -term VEVs
It is also possible to induce VEVs using the F -term of the scalar potential [10]. Consider
three fields, χ , φ2, φ3. Assume φ2, φ3 pick up nonzero VEVs: 〈φ2〉, 〈φ3〉 = 0 (for example, by
canceling a D-term). Now form the modular invariant expression
(5.5)Γ = χφ2φ3
∏
I
η(tI )
2
∑
β q
β
I , β = χ,2,3,
to be used in the superpotential
(5.6)W(Γ ) =
[
ψφ2φ3
∏
I
η(tI )
−2(1−∑γ qγI )
]∑
n=0
cnΓ
n, γ = ψ,2,3,
where the cn are constants. It can be shown that, upon plugging this superpotential into the scalar
potential, 〈ψ〉 = 0, and thus
(5.7)V = eK
∏
J
x
q
ψ
J
J
∣∣∣∣φ2φ3
∏
I
η(tI )
−2(1−∑γ qγI )
[
c0 +
∑
n=1
cnΓ
n
]∣∣∣∣
2
.
Since φ2, φ3 are assumed to have nonzero VEVs, 〈χ〉 is determined by
(5.8)c0 +
∑
n=1
cnΓ
n = 0.
The only way that (5.8) could be satisfied is if [10]
(5.9)Γ = f 3,
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(5.10)∣∣〈χ〉∣∣2 = |f |6
∣∣∣∣
〈
φ2φ3
∏
I
η(tI )
2
∑
β q
β
I
〉∣∣∣∣
−2
.
6. Inflation model building
In this section we consider possible directions for inflation model building in the supergravity
theory described above.
For convenience we will limit ourselves to untwisted matter and will suppress the A index.
For example, φ1 corresponds to an untwisted matter field from the I = 1 moduli sector. We will
also make use of the shorthand ηI = η(tI ) for the Dedekind eta function.
6.1. The η-problem and a method for building inflation models
As a first step in F -term inflation model building in supergravity, one must overcome the
η-problem, which may be understood as follows. With the help of a Kähler–Weyl transformation
and a holomorphic field redefinition a Kähler potential may be written as
(6.1)K =
∑
a
|φa|2 + · · · ,
where dots represent additional and, for the purpose of this subsubsection, irrelevant terms. The
F -term contribution to the scalar potential, as we have seen above, is of the form
(6.2)VF = eK(· · ·).
The slow roll parameter η, defined in (1.1), is then given by
(6.3)η = 1 + · · · .
Recall that slow roll inflation requires |η|  1, and therefore, barring model dependent cancella-
tions of the 1 in (6.3), slow roll inflation will not occur in a generic supergravity scalar potential.
This is the η-problem.
The method we use to solve the η-problem was proposed in [11,18], and is particularly suited
for orbifold compactifications of string theory. Consider three fields, φ, ψ , χ , where φ is the
inflaton. Take ψ to have a small, perhaps vanishing, VEV during inflation, designated by
(6.4)〈ψ〉 ∼ 0.
By small we mean that ψ is completely negligible in the scalar potential so that any term con-
taining ψ can be ignored (i.e. set to zero). We take this also to mean that any function which
contains ψ can also be ignored. In particular, the superpotential, W(φ,ψ,χ), which is assumed
to be a polynomial function of the fields in which every term contains ψ , during inflation satisfies
(6.5)〈W(φ,ψ,χ)〉∼ 0.
φ and χ derivatives do not effect the overall ψ dependence of W and so are small as well, 〈Wφ〉,
〈Wχ 〉 ∼ 0. However, a ψ derivative of W removes a factor of ψ , and is therefore not small,
(6.6)〈Wψ 〉  0.
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inflation in global supersymmetry will also lead to inflation in supergravity where the inflaton can
be a Kähler moduli or an untwisted matter field. Thus, inflation model building in supergravity
has been rendered equivalent to inflation model building in global supersymmetry, where there
is no η-problem.
6.2. Preserving flat directions I
As an example of what these assumptions can do, we review the superpotential presented
in [10],
(6.7)W = λψ1η−22 η−23 ,
which is of the form (2.20) and where λ is a constant. This superpotential does not satisfy the
requirements of Section 4.2. It will be generalized in Section 6.3 so that it does. For now, we
consider it for illustrative purposes. Plugging the superpotential (6.7) into (2.18) we obtain the
scalar potential in the linear superfield formalism. It was not shown in [10] under what conditions
|ψ1| = 0 will correspond to a stable minimum so that the framework of the previous subsection
may be used. In Appendix C.1 we show explicitly the conditions required. Assuming these con-
ditions, so that we may set |ψ1| = 0, the scalar potential collapses down to [10]
(6.8)V = eKx1 |λ|
2
|η2η3|4 .
For the Kähler potential (2.11) this becomes [10]
(6.9)V = 	e
g
1 + b	
|λ|2
x2x3|η2η3|4 .
In the chiral superfield formalism we instead find
(6.10)V = 1
Y + b1
|λ|2
x2x3|η2η3|4 .
Notice that (6.9) is completely independent of moduli and untwisted matter from the first
moduli sector (t1 and φ1A). Any combination of these fields corresponds to perfect flat direc-
tions of the potential. The framework of Section 6.1 has allowed us to preserve flat directions,
canceling their generic lifting by supergravity, thus solving the η-problem.
In (6.10) there is an explicit dependence on these fields through the Green–Schwarz countert-
erm (2.3) contained in Y , which appears to lift the flat directions and contradict our statement in
Section 2.4 that the two formalisms are equivalent. In fact the flat directions do exist in (6.10);
it is just more difficult to determine what they are. To do so requires diagonalizing the Kähler
metric, equivalent to canonically normalizing the fields, just as we did in Section 3, but now
with the Green–Schwarz coefficients included—not an easy thing to do in the chiral superfield
formalism.
Finally, we note two things. First, the dilaton dependence of (6.9) is precisely what we showed
in Section 4.3 could stabilize the dilaton during inflation and in the true vacuum, and second, the
Kähler moduli dependence of (6.9) is precisely what we showed in Section 4.4 would stabilize
Kähler moduli.
12 Stewart actually gives the general form that the Kähler potential may take, which includes (2.1) [18].
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The superpotential in Section 6.2 may be generalized so that it satisfies the requirements of
Section 4.2 [10]. To do so, consider the superpotential
(6.11)W0 = w +w′,
where
(6.12)w = λψ1χ2φ2φ3η22.
Assume φ2, φ3 are charged under an anomalous U(1) gauge group and pick up VEVs to cancel
the D-term, as explained in Section 5.1. If (6.12) were the entire superpotential (so that we did not
have the contribution w′ in (6.11)), we would find (under certain assumptions; see Appendix C.1)
that 〈ψ1〉 = 0, which would give
(6.13)V = eKx1
∣∣〈χ2φ2φ3〉∣∣2|η2|4.
It would appear then that 〈χ2〉 = 0, but we are going to use w′ in (6.11) to induce a (F -term)
VEV for χ2. Following (5.6) we take
(6.14)w′ = ψ ′1φ′2φ′3
∑
n=0
cn
(
χ2φ
′
2φ
′
3η
4
2η
2
3
)n
where the primed fields in (6.14) and the unprimed fields in (6.12) are distinct, the cn are con-
stants and φ′2, φ′3 are assumed to pick up D-term VEVs. Plugging the complete superpotential
(6.11) (made up of (6.12) and (6.14)) into the scalar potential, we find that 〈ψ1〉 = 〈ψ ′1〉 = 0 (see
Appendix C.2 for details), which gives
(6.15)V = eKx1
[∣∣λχ2φ2φ3η22∣∣2 +
∣∣∣∣φ′2φ′3
[
c0 +
∑
n=1
cn
(
χ2φ
′
2φ
′
3η
4
2η
2
3
)n]∣∣∣∣
2]
.
Although 〈ψ1〉 cannot be determined until the cn are specified, we might imagine that V is
minimized when the second term in (6.15) vanishes [10]. This is plausible since the term lowest
order in the fields is the c0 term and we might expect that 〈ψ1〉 is determined by its cancellation.
This was the case considered in Section 5.2 and we assume it to be true here [10]. From (5.10)
we then have [10]
(6.16)∣∣〈χ2〉∣∣2 = |f |6∣∣〈φ′2φ′3η42η23〉∣∣−2.
The potential is then
(6.17)〈V 〉 = |λ|2|f |6 f2f3
f ′2f ′3
	eg
1 + b	
1
x2x3|η2η3|4 ,
where we have plugged in the D-term VEVs of φ2, φ3, φ′2, φ′3 using (5.4).
6.4. Loop corrections
In the next subsection we will consider a model in which the inflaton enters at loop level. In
this subsection we review the relevant one loop corrections to the scalar potential.
In the full supergravity theory there are numerous terms in the one loop correction to the scalar
potential [20,21]. Fortunately, for the models we consider, there will be only a single term that
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covariant notation (see, for example, [20]). First, we define
(6.18)A ≡ eKW,
with corresponding covariant derivatives
(6.19)Am = DmA = ∂mA = ∂
∂φm
A, Amn = DmDnA = ∂mAn − Γ 	mnA	,
where the connection is defined by
(6.20)Γ 	mn = K	p¯∂mKnp¯.
With this notation we can now compactly write down the relevant loop correction. It is contained
in the expression [19,20]
(6.21)V = 2〈V 〉εeKAij A¯ij , ε = lnΛ32π2 ,
where Λ is the momentum cutoff, 〈V 〉 is the tree level F -term contribution to the scalar potential
and
(6.22)A¯ = eKW¯ , A¯mn = Km	¯Knp¯A¯	¯p¯.
Consider now a superpotential of the form
(6.23)W = λφ1φ2φ3 + φ′1(· · ·)+ φ′′1 (· · ·),
where φ1 is the inflaton, φ2, φ3, φ′1, φ′′1 are zero during inflation and the dots are any set of fields
not contained in the first term nor from the same moduli sector as the inflaton (in this case I = 1).
If (6.23) leads to the tree level scalar potential 〈V 〉 then by including the loop correction (6.21)
it can be shown that
(6.24)V = 〈V 〉
[
1 − 4|λ|2ε |φ1|
2
t1 + t¯1 − |φ1|2
]
= 〈V 〉[1 − 4|λ|2ε sinh2(φ)],
where φ is the canonically normalized inflaton. Expanding this to quadratic order we have
(6.25)V = 〈V 〉(1 − 4|λ|2εφ2),
which is an example of a so-called small field model of inflation [2,22].
6.5. Loop potential
In the previous subsection we saw that to construct a model in which the inflaton dependence
shows up at loop level there must be a nonzero tree level vacuum energy. Obviously the inflaton
must also be missing from the tree level potential. Both of these requirements are satisfied by
the potential in Section 6.3. In this subsection we combine the works of [10,19] and consider the
loop corrections to that potential.
The superpotential we use is
(6.26)W = λ′φ1φ′′2φ′′3 +W0,
where W0 was given in (6.11), φ1 is the inflaton and both φ′′2 and φ′′3 have vanishing VEVs. This
is of the form (6.23) and it can be shown that with the fields at their VEVs the tree level potential
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(6.27)〈V 〉 = |λ|2|f |6 f2f3
f ′2f ′3
	eg
1
x2x3|η2η3|4 .
The inflaton dependence then enters at loop level, as explained in the previous subsection, yield-
ing
(6.28)V = 〈V 〉[1 − 4|λ′|2ε sinh2(φ)].
This potential stabilizes the dilaton, t1, t2, but does not induce a potential for t1. For small φ
during inflation,
(6.29)V = 〈V 〉(1 − 4|λ′|2εφ2).
6.6. Phenomenology
The inflaton potential in (6.29) is of the form
(6.30)V = V0
[
1 −
(
φ
μ
)2]
,
with
(6.31)V0 = |λ|2|f |6 f2f3
f ′2f ′3
	eg
1
x2x3|η2η3|4 , μ =
1√
4|λ|2ε .
For large μ (6.30) is an example of a small field model of inflation [2,22]. This is precisely the
situation we have since ε is small, it being a loop factor. During inflation φ/μ is usually small
enough that V ≈ V0. The slow roll parameters (1.1) are then given by
(6.32) = 2
μ2
(
φ
μ
)2
, η = − 2
μ2
, ξ2 = 0.
For inflation to be possible we require
(6.33)μ  √2
so that |η|  1. Slow roll inflation ends at
(6.34)φe = 1√
2
μ2,
rolling from left to right. In lieu of (6.33) inflation is ending at large field values. If we wish to
restrict ourselves to small field values we must imagine that some other mechanism is acting to
end inflation earlier, such as the hybrid inflation mechanism [2,36]. We will therefore write the
remaining equations in terms of an arbitrary ending field value, φe .
The number of e-folds, N , from φ = φ∗ until the end of inflation at φ = φe can be computed
with (1.4). Inverting this result yields
(6.35)φ∗ = φee−2N/μ2 .
With this we may write the spectral index, its running and the tensor fraction (1.2) as
(6.36)n = 1 − 42 −
12
2
(
φe
)2
e−4N/μ2,
μ μ μ
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μ4
(
φe
μ
)4
e−8N/μ2 − 64
μ4
(
φe
μ
)2
e−4N/μ2,
(6.38)r = 32
μ2
(
φe
μ
)2
e−4N/μ2 .
The COBE normalization (1.5) depends on the value of μ. For μ ∼ 10 we have roughly
(6.39)V0 ∼ |f |6|λ′|2 ∼ 1016 GeV.
7. Conclusion
We have described methods for building “semi-realistic” models of F -term inflation. By semi-
realistic we mean that they are built in, and obey the requirements of, “semi-realistic” particle
physics models, taken here to be effective supergravity theories derived from orbifold compact-
ifications of the weakly coupled heterotic string. We reviewed those aspects of the supergravity
theories relevant for inflation model building in both the chiral and linear superfield formalisms.
This included scalar potentials with a comprehensive matter content, string theory requirements
that the effective supergravity theories should obey and various tools and methods for building
inflation models.
In the course of this review we found that inflation model building is much simpler in the
linear superfield formalism. In particular, canonical normalization of the fields, determination of
flat directions, moduli stabilization and generation of VEVs was found to be simpler. The reason
for this is the manner in which the linear superfield formalism includes the Green–Schwarz
counterterm.
After reviewing previous work on inflation model building in these supergravity theories we
combined them to construct a small field model of inflation in which the inflaton enters at loop
order. This model is incomplete in that it does not have a natural end to inflation, such as through
a hybrid mechanism. Regardless, it is illustrative of directions one may take in building inflation
models. Building such models is not simple and more will have to be done to build more realistic
models, but we hope that we have been able to offer methods for how inflation model building
can take into account details of a particular underlying particle physics model.
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Appendix A. Kähler metrics
The Kähler metric, Kmn¯, is defined by
(A.1)Kmn¯ = ∂
∂φm
∂
∂φ¯n¯
K,
where K is the Kähler potential. Kmn¯ is the inverse Kähler metric, defined by
(A.2)Kmp¯Kp¯n = δn ,
(
Kmn¯
)∗ = Km¯n,m
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A.1. The chiral superfield formalism
The Kähler potential in Section 2.1 is
(A.3)K = − lnY −
∑
I
lnxI +
∑
A
XA.
We define the following quantities,
(A.4)b˜I ≡ 1 + Y−1bI ,
(A.5)P˜A ≡ 1 + Y−1PA,
(A.6)αI ≡ bI +
∑
A
qAI PAXA,
(A.7)βI ≡ b˜I +
∑
D
qDI P˜DXD,
(A.8)Π˜A ≡ ΠIx−q
A
I
I .
The Kähler metric is
(A.9)Kss¯ = Y−2,
(A.10)KsJ¯ = Y−2x−1J αJ ,
(A.11)KsBJ = −KsJ¯ φBJ ,
(A.12)KsB¯ = −Y−2PBΠ˜BφB,
(A.13)KIs¯ = Y−2x−1I αI ,
(A.14)KIJ¯ = δI,J x−2I βI + Y−2(xI xJ )−1αIαJ + (xI xJ )−1
∑
D
qDI q
D
J P˜DXD,
(A.15)KIBJ = −KIJ¯ φBJ ,
(A.16)KIB¯ = −x−1I qBI P˜BΠ˜BφB − Y−2x−1I PBαI Π˜BφB,
(A.17)KAIs¯ = −Y−2x−1I αI φ¯AI ,
(A.18)KAIJ¯ = −KIJ¯ φ¯AI ,
(A.19)KAIBJ = KIJ¯ φ¯AIφBJ + δI,J δA,Bx−1I βI ,
(A.20)KAIB¯ = −KIB¯φ¯AI ,
(A.21)KAs¯ = −Y−2PAΠ˜Aφ¯A,
(A.22)KAJ¯ = −xJ qAJ P˜AΠ˜Aφ¯A − Y−2x−1J PAαJ Π˜Aφ¯A,
(A.23)KABJ = −KAJ¯ φBJ ,
(A.24)KAB¯ = δA,BP˜AΠ˜A + Y−2PAPBΠ˜AΠ˜Bφ¯AφB.
The inverse Kähler metric is
(A.25)Kss¯ = Y 2 +
∑
P 2DP˜
−1
D XD +
∑
β−1K b
2
K,D K
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(A.27)KsBJ = 0,
(A.28)KsB¯ =
(
PBP˜
−1
B −
∑
K
β−1K q
B
KbK
)
φ¯B,
(A.29)KIs¯ = −β−1I xI bI ,
(A.30)KIJ¯ = δI,J β−1I
(
xI
∑
D
|φDI |2 + x2I
)
,
(A.31)KIBJ = δI,J β−1I xI φ¯BI ,
(A.32)KIB¯ = β−1I qBI xI φ¯B,
(A.33)KAIs¯ = 0,
(A.34)KAIJ¯ = δI,J β−1I xIφAI ,
(A.35)KAIBJ = δI,J δA,Bβ−1I xI ,
(A.36)KAIB¯ = 0,
(A.37)KAs¯ =
(
PAP˜
−1
A −
∑
K
β−1K q
A
KbK
)
φA,
(A.38)KAJ¯ = β−1J qAJ xJ φA,
(A.39)KABJ = 0,
(A.40)KAB¯ = δA,BP˜−1A Π˜−1A +
∑
K
β−1K q
A
Kq
B
KφAφ¯B.
A.2. The linear superfield formalism
The Kähler potential in Section 2.2 is
(A.41)K = ln(	)+ g(	)−
∑
I
lnxI +
∑
A
XA.
We define the following quantities,
(A.42)b˜ ≡ 1 + 	b,
(A.43)P˜A ≡ 1 + 	PA,
(A.44)βI ≡ b˜ +
∑
D
qDI P˜DXD,
(A.45)Π˜A ≡ ΠIx−q
A
I
I .
The effective Kähler metric is
(A.46)Kˆss¯ = 	2(1 + 	g′)−1,
(A.47)KˆsJ¯ = 0,
(A.48)Kˆ = 0,sBJ
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(A.50)KˆI s¯ = 0,
(A.51)KˆI J¯ = δI,J x−2I βI + (xI xJ )−1
∑
D
P˜Dq
D
I q
D
J XD,
(A.52)KˆIBJ = −KIJ¯ φBJ ,
(A.53)KˆIB¯ = −x−1I qBI P˜BΠ˜BφB,
(A.54)KˆAI s¯ = 0,
(A.55)KˆAI J¯ = −KˆI J¯ φ¯AI ,
(A.56)KˆAIBJ = KˆI J¯ φ¯AI φBJ + δI,J δA,Bx−1I βI ,
(A.57)KˆAIB¯ = −KˆIB¯ φ¯AI ,
(A.58)KˆAs¯ = 0,
(A.59)KˆAJ¯ = −x−1J qAJ P˜AΠ˜Aφ¯A,
(A.60)KˆABJ = −KˆAJ¯ φBJ ,
(A.61)KˆAB¯ = δA,BP˜AΠ˜A.
The inverse effective Kähler metric is
(A.62)Kˆss¯ = 	−2(1 + 	g′),
(A.63)KˆsJ¯ = 0,
(A.64)KˆsBJ = 0,
(A.65)KˆsB¯ = 0,
(A.66)KˆI s¯ = 0,
(A.67)KˆI J¯ = δI,J β−1I
(
xI
∑
D
|φDI |2 + x2I
)
,
(A.68)KˆIBJ = δI,J β−1I xI φ¯BJ ,
(A.69)KˆIB¯ = β−1I qBI xI φ¯B,
(A.70)KˆAI s¯ = 0,
(A.71)KˆAI J¯ = δI,J β−1I xI φAI ,
(A.72)KˆAIBJ = δI,J δA,Bβ−1I xI ,
(A.73)KˆAIB¯ = 0,
(A.74)KˆAs¯ = 0,
(A.75)KˆAJ¯ = β−1J qAJ xJ φA,
(A.76)KˆABJ = 0,
(A.77)KˆAB¯ = δA,BP˜−1A Π˜−1A +
∑
K
β−1K q
A
Kq
B
KφAφ¯B.
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In this appendix we reproduce Section 5 in the chiral superfield formalism. The D-term con-
tribution to the scalar potential is
(B.1)VD = 12g
2
(∑
α
qαKαφα + ξD
)2
,
but now with the Fayet–Iliopoulos term
(B.2)ξD = 2Y
−1 Tr(Q)
192π2
.
With the Kähler potential (2.4), the D-term (B.1) becomes
(B.3)VD = 12g
2
[∑
α
(∏
I
x
−qαI
I
)
qαξα|φα|2 + ξD
]2
,
where we have defined
(B.4)ξα ≡
{
Y−1[Y + bI +∑B qBI XB(Y + pB)] for α = AI,
Y−1(Y + pA) for α = A.
Canceling (B.3) requires the matter fields to pick up the modular invariant VEVs,
(B.5)∣∣〈φα〉∣∣2 = fαY−1ξ−1α
∏
I
x
qαI
I .
Appendix C. Background calculations
In some of the subsections in Section 6 we assumed that certain fields obtained certain VEVs
during inflation. In this appendix we show explicitly under what circumstances this will happen.
To do so it proves helpful to write the scalar potential (2.18) as
(C.1)V = eKV˜ .
Then, designating derivatives with respect to the untwisted matter field, ψ , by a subscript, so that
(C.2)Vψ = ∂V
∂ψI
, Vψψ ′ = ∂
2V
∂ψI ∂ψ
′
I ′
,
we have
(C.3)Vψ = eK
(
V˜ψ + 2|ψI |
xI
V˜
)
,
(C.4)Vψψ |ψ=0 = eK
(
V˜ψψ + 2
xI
V˜
)∣∣∣∣
ψ=0
,
(C.5)Vψψ ′ |ψ,ψ ′=0 = eKV˜ψψ ′
∣∣
ψ,ψ ′=0.
For simplicity we have suppressed the A index for the untwisted matter fields ψ , and in (C.5) ψ
and ψ ′ are assumed to be distinct. Finally, we will also need
(C.6)VIψ |ψ=0 = eK
(
V˜Iψ + 1
xI
V˜ψ
)∣∣∣∣
ψ=0
.
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In this subsection we show under what circumstances |ψ1| = 0 is a stable minimum for the
scalar potential considered in Section 6.2. We will find, in fact, that for the simplest case, it is
actually a maximum. Begin by writing the superpotential (6.7) as
(C.7)W = ψ1Λ, Λ = η−22 η−23 ,
so that from (C.1) we have
V˜ = (	g′ − 2)|ψ1|2|Λ|2 + (1 + b	)−1|ψ1|2
∑
I
[
|xIΛI −Λ|2 + xI
∑
A=ψ
|φ¯AIΛI |2
]
(C.8)+ (1 + b	)−1x1
∣∣|ψ1|2Λ1 +Λ∣∣2.
We can see that ψ1 only enters V˜ in the form of |ψ1|2 and therefore |ψ1| = 0 is a critical point
of V˜ . From a look at (C.3) we can immediately see that |ψ1| = 0 is then a critical point of the full
potential V . This also means that (C.6) vanishes and so the determination of stable minima for ψ1
and the Kähler moduli, tI , may be done independently. It follows then that t2, t3 = exp(iπ/6)
correspond to minima, as discussed in Section 6.2.
|ψ1| = 0 will be a stable minimum if (C.4) is positive. We have
(C.9)2V˜
x1
∣∣∣∣
ψ=0
= 2
1 + b	 |Λ|
2,
and
V˜ψψ |ψ=0 = (	g′ − 2)|Λ|2 + (1 + b	)−1
∑
I
[
|xIΛI −Λ|2 + xI
∑
A=ψ
|φ¯AIΛI |2
]
(C.10)+ (1 + b	)−1[2x1 Re(Λ1Λ¯)− (1 + b	)−1|Λ|2].
Now,
(C.11)|xIΛI −Λ|2 = |Λ|2|2xI ξI + 1|2, ξI = 1
ηI
∂ηI
∂tI
,
for I = 2, 3 and |2xI ξI + 1| vanishes at the self dual point tI = exp(iπ/6). In the second term of
(C.10) then, only the I = 1 contribution survives. The second to last term vanishes since Λ1 = 0
and we make the usual assumption that the VEVs of the matter fields are zero (i.e. we ignore the
matter fields we are not using) so that the φAI are zero.
Putting everything together by placing (C.9) and (C.10) into (C.4) we obtain
(C.12)Vψψ |ψ=0 = eK |Λ|2
[
	g′ − 2
(
1 − 1
1 + b	
)]
.
Using the results of Section 4.3 we can determine numerically that when the dilaton is sitting at
its minimum (during inflation),
(C.13)	g′|〈	〉 = −0.75, 〈	〉 = 0.87.
Thus,
(C.14)Vψψ |ψ=0 = −(1.25)eK |Λ|2,
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that even for b = 0 (i.e. removing the Green–Schwarz counterterm) we have a maximum.
By turning on the φAI it may be possible to turn this into a minimum. We made the usual
assumption that the φAI (that were not the inflaton) were zero during inflation. If instead we turn
them on (say, by giving them D-term VEVs) then they contribute positively to Vψψ . Each φAI
contributes
(C.15)Vψψ |ψ=0 = eK |F |2
[
4
1 + b	xI |ξI |
2
]
|φAI |2 = (0.431)|φAI |2eK |Λ|2.
Thus, we require
(C.16)
∑
AI
(0.43)|φAI |2 > 1.25 ⇒
∑
AI
|φAI |2 > 2.91.
Recall from (5.4) that for D-term VEVs,
(C.17)
∑
IA
〈|φIA|2〉≈ 2〈	〉 ×O(100)192π2q xI 
0.16
q
.
For simplicity we have assumed each field has an identical charge, q , and the inequality follows
because we have evaluated the O(100) term at precisely 100. For q a little smaller than 1 and
O(100) a little greater than 100 this can presumably satisfy the bound in (C.16).
Finally, note that giving these terms D-term VEVs has no effect on the potential since once
we set |ψ1| = 0 their contribution vanishes.
C.2. Section 6.3
In this subsection we argue that |ψ1| = |ψ ′1| = 0 corresponds to a stable minimum for the
superpotential given in (6.11). We begin by writing the superpotential as
(C.18)w = ψ1Λ, w′ = ψ ′1Λ′,
where
(C.19)Λ = χ2φ2φ3η22, Λ′ = φ′2φ′3
∑
n
cnΓ
n, Γ = χ2φ′2φ′3η42η23.
Then
V˜ = (	g′ − 2)|ψ1Λ+ψ ′1Λ′|2 + (1 + b	)−1
∑
I
[∣∣ψ1(xIΛI −Λ)+ψ ′1(xIΛ′I −Λ′)∣∣2
+ xI
∑
A=ψ,ψ ′
∣∣ψ1(φ¯AIΛI +ΛAI )+ψ ′1(φ¯AIΛ′I +Λ′AI )∣∣2
]
+ (1 + b	)−1x1
[∣∣ψ1(ψ¯1ΛI )+ψ ′1(ψ¯1Λ′I )+Λ∣∣2
(C.20)+ ∣∣ψ1(ψ¯ ′1ΛI )+ψ ′1(ψ¯ ′1Λ′I )+Λ′∣∣2].
It is easy to see that |ψ1| and |ψ ′1| never appear alone and raised to the first power, so that
|ψ1| = |ψ1| = 0 are critical points of V˜ and thus from (C.3) also critical points of V . This also
means that (C.6) vanishes and so the determination of stable minima for ψ1 and the Kähler
moduli, tI , may be done independently.
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(C.21)V = eK(1 + b	)−1x1
(|Λ|2 + |Λ′|2).
As discussed in Section 6.3 we take the cn to be such that the potential is minimized for
(C.22)〈Λ′〉 = 0.
To determine if our critical points correspond to minima we use the second derivative test. For
two fields this requires that both
(C.23)D ≡ VψψVψ ′ψ ′ − V 2ψψ ′
and Vψψ are positive (which itself requires Vψ ′ψ ′ to be positive). Evaluated at the critical points,
|ψ1| = |ψ ′1| = 0, we have
Vψψ | = eK
(
V˜ψψ + 2V˜
x1
)∣∣∣∣, Vψ ′ψ ′ | = eK
(
V˜ψ ′ψ ′ + 2V˜
x1
)∣∣∣∣,
(C.24)Vψψ ′ | = eKV˜ψψ ′
∣∣,
where the bar means that we have set the ψ fields to zero and where
(C.25)2V˜
x1
∣∣∣∣= 21 + b	
(|Λ|2 + |Λ′|2)= 2
1 + b	 |Λ|
2.
Of the second derivatives the simplest is
(C.26)e−KVψ ′ψ ′
∣∣= (1 + b	)−1
[
|xIΛ′I |2 + xI
∑
A=ψ,ψ ′
|φ¯AIΛ′I +Λ′AI |2 + |Λ|2
]
,
where we have used 〈Λ′〉 = 0. We can clearly see that this is positive.
Now consider
e−KVψψ
∣∣= (	g′ − 2)−1|Λ|2
+ (1 + b	)−1
∑
I
[
|xIΛI −Λ|2 + xI
∑
A=ψ,ψ ′
|φ¯AIΛI +ΛAI |2
]
(C.27)+ (1 + b	)−1[2x1 Re(Λ1Λ¯)+ |Λ|2].
There are a few things to note about this equation. First, we have again used 〈Λ′〉 = 0. Second
the Re(Λ1Λ¯) vanishes since Λ is independent of t1. This is a direct consequence of our choice
for χ2 to be in the I = 2 sector and is a major reason why such a choice was made. In fact, ΛI
vanishes except for when I = 2. This means that the second term only vanishes when I = 2 in
the sum, since t2 = exp(iπ/6) (see (C.11)). Putting it all together we have
e−KVψψ
∣∣= |Λ|2
[
	g′ −
(
2 − 3
1 + b	
)]
+ 1
1 + b	
∑
I
xI
∑
A=ψ,ψ ′
|φ¯AIΛI +ΛAI |2.
(C.28)
The first term is negative (though not as negative as in Section C.1 because we now have a 3
instead of a 2). In Appendix C.1 we had to turn on VEVs to get the analogous second deriva-
tive positive. Here we do not have a choice since we already have fields with D-term VEVs.
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(C.29)	g′ −
(
2 − 3
1 + b	
)
= −0.50
and
1
1 + b	
∑
I
xI
∑
A=ψ,ψ ′
|φ¯AIΛI +ΛAI |2
= (1 + b	)−1|Λ|2[x2(∣∣2ψ¯2ζ2 +ψ−12 ∣∣2 + ∣∣2φ¯2ζ2 + φ−12 ∣∣2 + |2φ¯2′ζ2|2)+ x3|φ3|−2]
(C.30) (1 + b	)−1x3|φ3|−2|Λ|2 ∼ (0.75)(1.7)(0.1)−2|Λ|2 ∼ 100|Λ|2.
Thus, (C.28) is easily positive. This follows since ΛAI leads to a large contribution. Such a
contribution did not show up in Appendix C.1 since there the superpotential was linear in the
matter fields and so ΛAI vanished.
The final second derivative is
e−KVψψ ′
∣∣= 2(1 + b	)−1 Re
{
ei(θ−θ ′)
[∑
I
{
2(xIΛI −Λ)xI Λ¯′I + xI
(C.31)×
∑
A=ψ,ψ ′
(φ¯AIΛI +ΛAI )(φAI Λ¯′I + Λ¯′AI )
}
+ΛΛ¯′I
]}
.
We have so far shown that Vψψ and Vψ ′ψ ′ are positive. We now argue that Vψψ ′ is smaller than
them, and therefore that (C.23) is positive. From (C.19) it is not hard to show that Λ′AI to leading
order is order four in the matter fields. The dominant contribution (i.e. the lowest leading order
term in the matter fields) to (C.31) is the ΛAI Λ¯′AI which is order six. However, the dominant term
to (C.28) is the |ΛAI |2 term which is order four and the dominant term to (C.26) is the |Λ|2 term
which is order six. We therefore expect (C.23) to be positive and |ψ1| = |ψ ′1| = 0 to correspond
to a stable minimum.
C.3. Section 6.5
Here we are considering a potential of the form
(C.32)W = φ1φ′′2φ′′3 +W0,
where W0 is the superpotential in Section 6.3. We would like to show that the VEVs of the φ fields
in the first term of (C.32) and the ψ fields in W0 vanish. First note that, under the assumption
that a critical point of the potential exists when the fields vanish, it is not hard to show that the
analysis for the minima of the φ fields is independent of the analysis for the ψ fields.
If we set the φ fields in the potential to zero then it reduces to the same potential that is in
Section 6.3, where VEVs of the ψ fields were argued to vanish. Now set the ψ fields at their
(vanishing) VEVs, but retain the φ fields, to get
e−KV = |φ1φ2φ3|2
[
	g′ − 2
(
1 − 3
1 + b	
)]
(C.33)+ 1
1 + b	
(
x1|φ′′2φ′′3 |2 + x2|φ1φ′′3 |2 + x3|φ1φ′′2 |2 + |Λ|2
)
,
296 B. Kain / Nuclear Physics B 800 (2008) 270–297where Λ is given in (C.19). With (C.29) we know that the first term is negative. If it were positive
then the entire potential would be positive and the VEVs would be zero. However, it is the terms
in the second line that dominate, being fourth order in the matter fields while the first term is
order six. These terms tell us that for vanishing values of the fields we have a minimum.
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